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Abstract: In this paper we prove that the energy - critical nonlinear Schrodinger equation in 
the domain exterior to a convex obstacle is globally well - posed and scattering for initial data 
having finite energy. To prove this we utilize frequency localized Morawetz estimates adapted to 
an exterior domain. 

1 Introduction 

In this paper we study the defocusing, energy - critical nonlinear Schrodinger equation 

iut + Au = \u\ 2 u, 

u(0,x)=u £H^n), (1.1) 
u\an = 0, 

where f2 = R 4 \ E is an exterior domain, E is a compact, convex obstacle. We prove 

Theorem 1.1 For no G Hq(£1), d = 4, (jl.ip is globally well - posed and scattering. 

As in the case when u solves iut + Au = \u\ 2 u on R 4 , a solution to fll.lf) conserves the quantities 
mass, 



M(u(t))= / \u(t,x)\ 2 dx = M(u(0)), (1.2) 

and energy 

E(u(t)) = -[ \Vu{t,x)\ 2 dx + \ I \u(t,x)\ 4 dx = E(u(0)). (1.3) 
2 Jn 4 J n 
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(jl.ip is called energy critical since in R 4 the symmetry u(t,x) h-> jt*(vr,f) maps solutions to 
solutions and preserves energy. Of course, in the case of an exterior domain this scaling symmetry 
does not map solutions of (jl.ip to solutions of (jl.ip . However, this problem behaves like the energy 
critical problem in R 4 in many respects. 

For a domain exterior to a non - trapping obstacle [23] and [1] proved that the quintic problem 
iu t + Au = \u\ 4 u is globally well - posed and scattering for E(uq) sufficiently small, u satisfies 
Dirichlet or Neumann boundary conditions. [28] proved global well - posedness and scattering for 
the defocusing quintic problem when d = 3, u is radial, and the domain is the exterior of a unit 
ball. The results of |23| and [I] correspond to the results of [5] for the quintic problem when d = 3. 
Likewise, the techniques of [28] utilize the induction on energy technique used in |4] and [33] . 



Theorem 1.2 Let $7 = R d \ K be the exterior domain to a compact nontrapping obstacle with 
smooth boundary, and A the standard Laplace operator on O, subject to either Dirichlet or Neumann 
conditions. Suppose that p > 2 and q < oo satisfy 



3 n n 

- + -<-, n = 2, 

p q 2 

1 1 1 

p q 2 

Then for the solution v = exp(iiA)/ to the Schrddinger equation 



the following estimates hold 



provided that 



Proof: See p. □ 



(1.4) 



iv t + Av = 0, 

v(0,x) = f, (1.5) 
v\dn = 0, or d u v\ dn = 0, 



\ v \\LP([-T,T];Li(n)) < C||/||^(Q), (1-6) 



2 n n , _. 

- + -= s. 1.7 
p q 2 



In dimensions d > 4 the Strichartz estimates of pQ are not sufficient to prove even small data global 
well - posedness of the energy - critical problem. Therefore, we will be content to consider the 
domain exterior to a convex obstacle, where we have an almost full range of Strichartz estimates. 
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Theorem 1.3 Suppose u(t, x) is a solution to the linear Schrodinger equation with Dirichlet bound- 
ary conditions 

iu t + A D u = F, 

u(0,x) = u , (1.8) 
u\dn = 0. 

A pair will be called admissible if p > 2 and 

- = d{\- 1 -). (1.9) 
p I q 

For (p,q), (p,q) admissible 

IMlLf(i;L«(n)) S,p hoh*(n) + \\ F \\ L f (I . LS ' m - (1-10) 

Proof: See [21] □. 

This theorem automatically gives small energy global well - posedness and scattering for ([1.1ft . 

We will be able to prove theorem II .11 by utilizing the frequency truncated Morawetz estimates used 
in the mass - critical problem (see [18], [IT], [H], [19]) on R^. This technique was also used for 
the defocusing, energy - critical problem in R d , d = 3,4. (See [3DJ and [23].) We will borrow 
terminology from [3D] and [25] and deal with the rapid frequency cascade and the quasi - soliton 
solution separately. Due to lack of scale invariance and translation invariance we will not make 
a concentration compactness argument. Instead, we will use induction on energy. However, the 
arguments used are quite reminiscent of the arguments found in [18] , |17| . [16] . |19j . [40] . and [25] . 
A quick glance at [3DJ and [25] will show that one might expect that the energy - critical problem 
in R 4 \ X is substantially easier than the energy - critical problem in R 3 \ E. The energy - critical 
problem in R 3 \ S remains out of the reach of the techniques used in this paper. 

Function Spaces 

It will be convenient to utilize the function spaces which are a superposition of free solutions to the 
Schrodinger equation. See [2TJ, [2DJ for more information. 



Definition 1.1 Let 1 < p < oo. Then U^ d is an atomic space, where atoms are piecewise solutions 
to the linear equation iut + A^u = 0, where = A in the interior of £1, Ad = on d£l. 

« = E h k ,t k+l) e UA °u k , £ \\u k \f L2 = 1. (1.11) 

k k 
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For any function u, 

HI [7* = inf{^ |c A [ : u = ^2c x u\,u\ are U Ad atoms} (1.12) 
° A A 

For any 1 < p < oo, C L°°L? . Additionally, U A functions are continuous except at countably 
many points and right continuous everywhere. 

Definition 1.2 Let 1 < p < oo. Then V An ^ the space of right continuous functions u € L°°(L 2 ) 
such that 



r\\>; , , , :N + sup \\e- UkAD v(tk) ~ e- U ^ AD v(t k+1 )\\ P L2 . (1.13) 



T/ie supremum is taken over increasing sequences 

Theorem 1.4 The function spaces U Ad , Va d °^ e D the embeddings 

U P Ad CV£ d CUI d CL°°(L% p<q. (1.14) 
Let DU Ad be the space of functions 

DU p AD = {(id t + A D )u;ueU p AD }. (1.15) 

There is the easy estimate 

Hk S IM°)IIl 2 + IK^ + a d)u\\ duP . (Lie) 

Finally, there is the duality relation 

(DUIJ=V( D . (1.17) 
These spaces are also closed under truncation in time. 

Proof: See [20]. □ 



(1.18) 



In particular this implies that if (p, q) is an admissible pair L P L% C V A . 

Remark: From now on we will understand that U A and V A refers to U A and V Ad respectively. 
We have a Littlewood - Paley type theorem for an exterior domain. 



Theorem 1.5 Let * G Cq° such that for A > 

^*(2- 2j 'A) = 1. (1.19) 

i 

Then for p G (1, oo), / G C°°(ft) 



and for p G [2, oo), 



lp(o) ~ P IKE ^(^-^Ao)/! 2 ) 1 / 2 !^^), (1.20) 



L p(n) < P (E |[*(-2 2i A )/|]| p(n) )V2. (L2 i) 



Proo/: See [22]. □ 
Remark: As in R rf let 



u N = ^(-N- 2 A D )u, (1.22) 
E ^(-2- 2fc A D ), (1.23) 



.i 

u <2i = 

A;=— oo 



n<AT + U>Ar=U. (1-24) 
It also follows from the fundamental theorem of calculus that 

ll«M||L»(n) ^ M d/2 \\uM\\ L Hn)- (1-25) 
As in the R 4 case, to prove theorem 11.11 it suffices to prove 



MlLL(Rxn) < C(E(u )) < oo. (1.26) 



Let 



A(E) = sup{||ti|| r 6 s(Rxn) : u solves ^,E(u(t)) = E}. (1.27) 

For 3 < d < 6 it is possible to prove a stability result using exactly the same arguments which are 
found in [35] . 
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Theorem 1.6 Suppose that for 3 < d < 6 u is an approximate solution to (jl.ip in that 



iut + Att = \u\ d ~ 2 u + e, 


(1.28) 


u\dn = 0, 


(1.29) 


\\u\\ 2 (d+2) < M, 


(1.30) 








(1.31) 


W Ve hfL%'(ixn) ^ e > 


(1.32) 



and for some (p, q) admissible 



for some e(M,E) > sufficiently small. Then there exists a solution u(t,x) to (jl.ip , u(0,x) = 
u(0,x), such that for (p,q) admissible 

l|V[«-u]|| W(/xn) < C(p,E,M)e. (1.33) 

Proof: We follow an argument similar to the argument in [35 1. Partition / into < C(d,E,M) 
intervals Ij = [aj, bj] such that ||u|| 2(d+2) < 5 for some small 5 > 0. On each Ij 



4 

||Vfi|| 2(d+ 2 ) < ||M(aj)lljjirn) + 2 (d +2) \\u\\ d ~2 2 ( d +2) +e- (1-34) 

This implies 

||Vfi|| 2 {d+ 2) <E + e. (1.35) 

Partition each Ij into < C(d, E, M) subintervals Ij k = [aj k, bj k] such that || Vu\\ 2(d+2) < 5. 

Now let v = u — u. v solves the initial value problem 

4 4 

(id t + A)v = \u\ d -' 2 u - \u\ d - 2 u - e, , . 

v(0) = 0. 

Using Strichartz estimates, 

l|Vv||[^, & xfi) £ IK a i,k)lljji(n) + 

ll VV ll[/2(/^xn)(ll S ll 2(^+2) +l|Vfi|| 2(d+2) + || V« || 2(d+2) )^+e. 

LjT^^xn) ttT^ft-.fcxn) i^fcxn) 
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This implies that if || Vt> Hc/J^. fcX ^) is sufficiently small 

(i A k xfl) £ IK Q i,fc)lljji(fi) + e - ( L38 ) 

For e(E,M) > sufficiently small, since 11^(0) = 0' an< ^ there are finitely many Ij^ subinter- 

vals, 

\\Vv\\ ui(Ixn) <C(d,E,M)e. (1.39) 

□ 

Remark: At the present time this stability result cannot be extended to d > 6 using the stability 
arguments of [35J due to the lack of exotic Strichartz estimates in a convex domain. 

By theorem 11.61 A(E) is a continuous function of E. This implies {E : A{E) = oo} is a closed set, 
and therefore has a minimal element Eq. We prove that Eq = oo. 

Suppose Eq < oo. We use the bilinear virial identities of [29] to prove a bilinear Strichartz estimate 
for two solutions to the linear problem iut + Au = 0, u\qq = outside a convex obstacle. This 
result combined with theorem 11.61 is enough to prove that a solution u to (|1.1|) with energy Eq, 
\\u\\ L 6 (j x n) = M, M very large, must concentrate at some frequency scale N(t). Partitioning / 
into sub intervals Jk such that [|^||x,6 (j x n) = 1) we see that u must be concentrated at frequency 
scale N(t) ~ for some N^- Moreover, some of the solution u must be concentrated at a spatial 
scale ~ -Jr for length of time ~ . This combined with the interaction Morawetz estimates of 1 29 

is enough to rule out a quasi - soliton like solution. Conservation of mass rules out a rapid cascade 
- like solution. 

At this point it will be beneficial to say a few words about possible further developments. The 
purpose of this paper is two - fold. First, it is written to show that the techniques of [18], [T7] . 
|19j , [16] , [ID] , and [25] require very little in the way of knowledge of the fundamental solution or 
anything that is extremely Fourier analytic in nature. 

The second purpose is to attempt to understand the energy - critical problem in the exterior of a 
convex obstacle for all d > 3. The same techniques could yield global well - posedness and scattering 

4 

for d = 5 as well. This will not be discussed in this paper because the fact that \u\3u is not an 
algebraic nonlinearity introduces some additional technical complications. The case d = 6 could 
probably be proved as well, although the proof seems to be hindered by the fact that theorem 11.31 
does not include endpoint Strichartz estimates. The case d = 3 also seems beyond the reach of the 
current techniques due to a heavy reliance in [25J on Fourier - analytic techniques to obtain several 
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key endpoint results. Extending this result to d > 6 would likely be far more difficult due to a lack 
of a stability theorem akin to theorem 11,61 



2 Morawetz Estimates 

The mainstay of the argument in this paper is the Morawetz estimates of [29J outside a star shaped 
obstacle. Therefore, we will summarize the argument before. 

Theorem 2.1 Suppose S is a compact star - shaped obstacle and O = H d \ S is the exterior to E. 
Let u be a solution to 



iut + Am = [i\u\ p u, 
u\ t =o = u . 

Ifd>3,n>0, 



[ [ \d n u\ 2 dS+[ [ 1 (\Vu(t,x)\ 2 + \u(t,x)\ 2 )dxdt 

Jo Jan Jo Jn (1 + \x\ 2 ) d ' 2 



,-T 



P + 2Jo Jn (1 + \x\ 2 y/ 2 te[o,T] H o W 



(2.1) 



(2.2) 



Proof: We repeat the proof found in [29J. Let h(x) = (1 + |x| 2 ) 1//2 , 

M(t)= / h(x)\u(t,x)\ 2 dx. (2.3) 



M(t) = 2 h j (x)Im[ud j u](t,x)dx. (2.4) 
Jn 

M(t) = / hj(x)[—d\udjU + udjd\u + udjd 2 u — d 2 udju]dx (2.5) 
Jn 

- ii f hj(x)[\u\ p udjU — udj(\u\ p u) — udj(\u\ p u) + \u\ p udju]dx. (2.6) 

hj (x) [udjd 2 u + udjd 2 u]dx (2.7) 

/ hj(x)[dkudjdkU + dkudjdku]dx (2.8) 
Jn 

hjk(x)[udjd) c u + udjdku]dx. (2-9) 
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d23]) = 2 / h jk (x)Re(d k udju)(t,x)dx - / (AAh(x))\u(t, x)\ 2 dx. (2.10) 
Jn Jn 



(USD - / h j {x)[df,ud j u + df,ud j u]{t,x)dx = -2 / h j (x)d k Re[(d k u)(d j u)](t, x)dx (2.11) 
•/<> ' ./<> 



= 2 / hj k (x)Re[(d k u)(dju)](t, x)dx + 2 / n k hj(x)Re[(d k u)(dju)](t,x)da(x), (2-12) 
./<> ./.v<» 

where n is the outward pointing unit normal to £, dcr is the surface measure on d£l. Therefore, 

dUSD = 4 / h jk (x)Re[{d k u){d j u)]{t,x)dx - / (AAh{x))\u{t, x)\ 2 dx 

Jn ' Jn ^ 213 ^ 



+2 / n k hj(x)Re[(d k u)(dju)](t,x)da(x). 
Jan 



2 n k h j (x)Re[(d k u)(d j u)](t,x)dcr(x) = 2 / h j (x)Re[(d n u)(d j u)](t,x)da(x). (2.14) 
Jan Jn 

Because u\g n = 0, Vu = (d n u)n. Therefore, 

(gUD = 2 / (a n /i)|9 n ii(t,x)| 2 dcr(x). (2.15) 
Jan 

Let /i(x) = (1 + [x] 2 ) 1 / 2 . Vh(x) = (1+ | g p)i/2 so "9n/i > on 90 since X is star - shaped. 

-AAh{x) = (d-l)(d-3)(l+|x| 2 )- 3 / 2 +3d(l+|x| 2 )- 7 / 2 +3(d-l)(l+|x| 2 )- 7 / 2 +6(d-3)|x| 2 (l+|x| 2 )- 7 / 2 . 

(2.16) 

fl2~T6]) > for d > 3. 

4 / d k { X \ )Re[{d J u){d k u)]{t,x)dx (2.17) 
(l + lxl 2 ) 1 /^ 

= 4 / n -TmI72 l W ^ x )l 2 ^~ 4 / n ZTTiW2 [d r n(t,x)| 2 &; (2.18) 

= 4 / 77— Tm^l^' a; )l 2dx + 4 / n Jf'L^ l^^)! 2 ^' ( 2 - 19 ) 
(1 + Fr) 1 Jn{^ + \x\ ) ' 

Finally, integrating by parts, 



CM = «i + H 1 )- 3 ' 1 + « - DP + MT^)W«,.)r*. (-0) 

Combining (|2A3j) . (|2A6j) . (|2A9j) . and (EHOjl proves the theorem. □ 

Theorem 2.2 Suppose SI, is a star - shaped domain. Let d > 1, u, v be two solutions to 

iut + Au = fi\u\ p u, 
u\ t =o = u Q , 

iv t + Av = n\v\ p v, 
v\ t =o = v . 



Let u G S d - 



P + 2 

2jiy 
p + 2 



10 JflxQ, 
rT 



Remark: This was also proved in |29| . 
Proof: Let 



(2.21) 
(2.22) 



4/ f \d ul (u(t,x 1 +x ± )v(t,x 1 + y ± ))\ 2 dx 1 dx- L dy- L dt (2.23) 

J iiJxSi 

+ 1 r \ u ^ Xl + x ±^ v ^ Xi + y ±^p dxidx ± dy ± dt ( 2>24 ) 



+ -r~^i I \u(t,x 1 +x ± )\ p \v(t,x 1 +y ± )\ 2 dxidx ± dy ± dt (2.25) 
'0 Jnxn 



<(sup ||n(t)|| 2 . 1/2 )( sup \\v(t)\\ 2 L2(n) ) + ( sup \\v(t)\\ 2 )( sup ||n(t)||| 2(Q) ). (2.26) 
te[o,T] a o ^ te[o,T] te[o,T] H o ( u > te[o,T] 



I u (fi,u,v)= / |(x - y) • w||-u(t,x)| etedy. (2.27) 

Without loss of generality suppose oj = (1,0, ...,0). 

I w (fi,u,v) = 2 / — — -Im[udiu](t, x)\v(t, y)\ 2 dxdy+2 / — ^—r\u(t,x)\ 2 Lm[vdiv](t,y)dxdy. 

Jnxn \{x-y)i\ J |(y-^)i| 



(2.28) 



L UJ (fi,u,v) = I -j-^ — ^-r\v(t, y)\ 2 {— d1ud\u + udid 2 u + ud\d 2 u — dludiu](t,x)dxdy (2.29) 

Juxu \{v-y)i\ 
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+ f tt- — ^Wit^x^l-dlvdiv + vdxdlv + vdxdlv - d£vdiv](t,y)dxdy (2.30) 
Jnxn \{y-x)i\ ' ' ' 

Im[udxu](t, x\ + x )Im[vd\v\{t, x\ + y )dxidx dy (2-31) 

nxn 

-2/i [ t [ X - V ^ \-\u\ p ud lU + ud^u^u) + udi{\u\ p u) - \u\ p udiu]{t,x)\v{t, y)\ 2 dxdy (2.32) 
Jnxn \{x - y)i\ 

-2fi I t [ V ~ ^ M t,x)\ 2 [-\v\ p ud lV + vdiilvfv) + vd 1 (\v\ p v) - \v\ p vd 1 v]{t,y)dxdy. (2.33) 
Jnxn \{y ~ x)i\ 

Remark: We use the notation x = x\ + x , where x\ = x(x ■ (1,0, ...0)), x 1 - = x — x\, and the 
notation 

/ f(x,y)dx 1 dx ± dy ± = r I [ f(x,y)dy ± dx ± dx 1 . (2.34) 

Jnxn J -oo J x- L :xi+x ± en Jy ± :xi+y ± en 

Following the same analysis as in the proof of theorem 12. 1\ 

(EZSO) =4 / d k ( ~ V \\ )Re[(d k u)(d lU )](t, x)\v(t, y)\ 2 dxdy (2.35) 
Jnxn \{x-y)i\ 

d 1 (-^^)A(\u\ 2 )(t,x)\v(t,y)\ 2 dxdy (2.36) 
nxn \{x-y)i\ 

+ 2 [ \v(t,y)\ 2 [ ^~ y \\ Re[{d n u){d l u)]{t,x)dxdy. (2.37) 
Jn Jm\\ x -vn\ 



Since Vu = (d n u)n, by theorem 12.11 

'/ - 

'o Jn Jan \{x - y)x 



2 f T [ \v(t,y)\ 2 [ ,i X y l\ Re[(d n u)(d lU )](t,x)da(x)dy (2.38) 



< 



v(t,y)\ 2 [ \d n u(t,x)\ 2 da(x)dy < ( sup ||u(i)|| 2 1/2 )( sup \\v(t)\\h ( n))- ( 2 - 39 ) 
Jan te[o,T] n o ( u > te[o,T] 

This takes care of (f2737|) . Next, 
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(12361) = - / A x (\u(t, Xl +x ± )\ 2 )\v(t,x 1 +y ± )\ z dxidx ± dy ± 
Jnxtt 

d Xl (\u(t, xi + x^)! 2 )^ (\v(t, xi + y ± )\ 2 )dx 1 dx ± dy ± . 



(2.40) 



Finally, 

(12351) = 4 / |d l ii(t ) a: + a;- 1 -)[ 2 |u(t,a;i +y ± )| 2 dxidx- L dy- L . (2.41) 
Make an identical argument for (I2.30p . 

A\dm\ 2 \v\ 2 + 4[9ivj 2 |n| 2 - SIm[udiu]Im[vdv] + 2^! ( | w| 2 ) ( | v | 2 ) = 4|6>i (w-y) | 2 . (2.42) 
By the fundamental theorem of calculus, 

sup I u (p,u,v) < ( sup \\u(t)\\ 2 1/2 )( sup ||u(t)||x^ ( n))+( sup ||u(t)|| 2 . 1/s )( sup ||«(t)||x,a (n) ), 
te[o,T] *e[o,T] a o «e[o,T] ie[o,T] w o te[o,T] v ' 

(2.43) 

(|2.39p . and integrating f|2.32|) and (|2.33p by parts, the proof is complete. □ 



Corollary 2.3 When d=l, 

fj 

Jo Jn 



\d x (uv)\ 2 (t,x) + -^\u\ 2 \v\ p+2 {t,x) + -^-\u\ p+2 \v\ 2 (t,x)dxdt (2.44) 
p + 2 p + 2 



<(sup ||«(t)||L /2 )( sup |K*)|| 2 2(n) ) + ( sup |Ki)|| 2 /2 )( sup ||n(t)|| 2 2(c) ). (2.45) 
te[o,T] "o ( u ) te[o,T] v ; *e[o,T] w o te[o,T] v y 

Now replace \{x — y) - to with a more general p{x — y) with positive definite Hessian H„(x — y). 

Theorem 2.4 Let F(u,v)(x,y) = v(y)V x u{x) + u(x)V y v{y) and G(u,v)(x,y) = v{y)V x u(x) — 
u(x)V y v{y). Then 

if [ H p (x-y)(F(u,v)(x,y),F(u,v)(x,y))dxdydt (2.46) 
jo Jnxn 

+ J T^ F I \v\ 2 (t,y)(A x p)(x-y)\u\ p+2 (t,x)dxdydt (2.47) 
P + 2Jo Jnxn 
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+ -T^/ T / \v\ p+2 (t,y){A x p){x-y)\u\ 2 {t,x)dxdydt (2.48) 
P + z Jo Jnxn 

<(sup \\u(t)f 1/2 , n J(sup |K*)||2 2(n) ) + ( sup |Ki)f 1/2 )(sup ||n(t)||| 2(Q) ). (2.49) 
ie[o,T] "a (U> te[o,T] ie[o,T] w o te[o,T] 

Remark: This also appears in |29| . 
Proof: Follow the proof of theorem 



(2.50) 



^Pjk{x - y)Re((dju)(d k u))(t,x)\v(t,y)\ 2 + Ap jk (x - y)Re((d j v)(d k v))(t, y)\u(t, x)\ 2 
-8p jk (x - y)Im[udju](t,x)Im[vd k v](t,y) - 2p jk (x - y)dj(\u\ 2 )(t, x)d k (\v\ 2 )(t, y) 

= 4H p (x-y)(F(u,v),F(u,v)) 
= AH p (x - y)(G{u,v),G(u,v)) + Ap{x - y)V x (\u\ 2 )(t,x) ■ V y (\v\ 2 ){t,y). 

We use these arguments to prove a bilinear Strichartz estimate in the exterior of a star - shaped 
domain. 

Theorem 2.5 Suppose U is a domain exterior to a star shaped obstacle. Suppose no = v I / (— M~ 2 Ad)uq 
and v = $>(-N- 2 A D )v , M < N. If u and v are linear solutions to 

iu t + An = 0, 

rm (2 - 51) 

n(0) = n , 

ivt + Av = 0, , 

(2.52) 

v(Q) = no, 

then 

l|V(«e)||^ B(Rxn) < M^^iV^ll^ll^^ll^ll^^. (2.53) 

Proof: By elementary Strichartz estimates the theorem follows for M ~ N. By the fundamental 
theorem of calculus, when d = 1, IMI^oo( R ) < || Vu||^2( R ) ||it||z,2( R ). In general, 

IMl£~ ( n) £ \\(-A D ) d / 2 u\\ LHn) \\u\\ LHn) < -JL- d \\(-A D ) d ' 2 u\\ 2 L2m +M d \\u\\ 2 L2{n) . (2.54) 
Let x ^ Cg°(R d ), X = 1 on |x| < i, x = on \x\ > 1. For x € £1, 
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K*o)| 2 < ^IIX( M(X 2 X0) )((-^D) d/2 u)\\l 2{n) + Ml X ( M(X 2 XQ) )u\\h m . (2.55) 
Making basic Strichartz estimates, 

M d [ [ \u(t,x 1 + x ± )\ 2 [ [ \div(t,x 1 +Te 1 + y ± )\ 2 dy ± dTdx ± dx 1 (2.56) 

JO Ja J\T\<^ J\V X -XM<^T 



<M d - 1 || Uo ||| 2(n) ||,;o|l! 2( n)- (2-57) 
Therefore, by theorem 12.21 (|2.57|) . combined with the fact that \(x — y)\ — r| has a positive definite 



Hessian, 



M d / f \di(u(t,x 1 +x ± ))\ 2 f / |u(t,xi + Tei + y ± )[ 2 dy ± dTd&- L dsidt (2.58) 

Jo Jn yir|< 4 i| y ± -x ± \< 4 



^M^sup K*)||i a(n) )( sup ||u(*)||L/2 fn J 
te[o,T] te[o,T] w o I") 

+M d - 1 ( sup |b(t)||| 2(n) )( sup ||«(*)||ii/ 2rn J < M^iVllnoll^^lkoll^^). 
te[o,T] v ; te[o,T] a o w w 

Similarly, since A/) commutes with the solution operator to f|2.52 jl . 

-L, [ T [ \di(u{t lXl +x^))\ % I [ \(-A D ) d / 2 v(t,x l +re l +y ± )\ 2 dy ± dTdx ± dx 1 dt 
M Jo Jn J\ T \<j-J\ y ^ x x\<*_ 

(2.60) 

^t^tt( su p \Mt)\\bm)( su p \\(-^n) d/2 v(t)\\ 2 ^ (n) ) 

M^ 1 tg [ ,T] ts[0,T] H o ( u > 

i (2-61) 
+ A#*T^P ll(-AD) d/2 ^t)|l! 2( n))(jup r] ||tt(t)||^/» (n) ) < M^IK^^IM!^. 

This completes the proof of theorem 12.51 □ 

We can now prove that a solution to (jl.ip with energy Eq and very high ||u||£6 (j x ^) norm for 
some compact interval J must concentrate in frequency. 

By theorem 12.51 and theorem 11.61 
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Theorem 2.6 Suppose u solves (jl.ip . E(u(t)) = Eq, 

ll«llif,„(jxn) = M > ( 2 - 62 ) 

for some M very large. Then fix 5(Eq) > sufficiently small and partition J into subintervals 
such that 

\\ u \\Ll x {j k xV) = & (2-63) 

For each there exists iV& G (0, oo) such that for all n > t]q(M), t]o(M) \ as M /• oo, there 
exists C{rj) < oo such that 

H p <^iv fc u llL t -ifi(fi)(j fc xn) + WP^N^h^LUJkxn) < V- (2-64) 

\\ p >c{ v )N k u\\ L °oHi( JkX n) + ||^>c7(f7)jv fc «IUf i|(jfcxn) < V- ( 2 -65) 
Moreover, if Jk and Jk+i are adjacent intervals then ~£ Nk+i- 
We divide into two cases. Let Co = infj g j N(t), M very large. We treat the case 

C oT,4s- K ° (2 - 66) 

JkCJ * 

as [3D], [25] treated the rapid cascade. We treat 

^o 3 Ef^ Ko (2 - 67) 

as [3D], [25] treated the pseudo - soliton, for some Kq to be specified later. We prove, 
Theorem 2.7 There does not exist a solution to (jl.ip . 

Il«llx«„(jxn) = (2.68) 

E(u(t)) = Eq, for M very large. 

3 Long time Strichartz estimates for the rapid cascade 

We first rule out a scenario similar to the rapid frequency cascade. Fix K. 
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Theorem 3.1 There is a constant Kq(M) such that Kq(M) / oo as M — >■ oo and there does not 
exist a solution to (jl.ip with energy E(u(t)) = Eq, an interval J with 

c lY,^- Ko{M) ' (3 - 1} 

k 

ll«llLf,„(Jxn) = M - ( 3 - 2 ) 

To prove this theorem we utilize a slight modification of the arguments of [3D], |25j for the energy - 
critical problem in R d . See also |18j . |17j . and [16] for induction on frequency in the mass - critical 
case. 



As in the case of the energy - critical nonlinear Schrodinger equation on flat space we will rule out 
a sufficiently large blowup solution. 

Theorem 3.2 Suppose J is a union of subintervals such that for some e > 



Ep^)=^- (3-3) 

k 

Then if(p,q) satisfies (|1.9p . 



\\VP<Nu\\ L P LUJx n) <e, m ,d 1 + K^N 2 -^ 1 . (3.4) 

Proof: Fix e > 0. For each dyadic N we partition J at level N. We call these corresponding 
intervals J l N . If JV& > ■£>, for some small, fixed c > to be specified later, then we say is a 
bad interval, J l Nb - We group the remaining subintervals into good J l N intervals such that each 
good interval satisfies 

\<^- ] E ^f. M 

J fc Cj JV, 9 k 

or 

E pjU4 (3-6) 
and J^r s is adjacent to a bad interval. It suffices to prove 



Lemma 3.3 For any dyadic integer N and any interval J l N , 

\\^ p <Nu\\ul(.j l N xn) ^E ,e 1. (3.7) 
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Indeed, for any p > 2, 



\\VP<Nu\\ L »Li(j l N xn) ~ ll vp <iv«|lc/^(j^xn) ~Bo,e 1- (3.8) 
Since §{J l N } < N 2 ^ e ^K, summing up the norm of J l N intervals in V proves theorem 13.21 □ 

Proof of lemma [373l - This follows from Duhamel's formula. For t l Q N £ J l N , a solution to (jl.ip 
satisfies 



Jt 0,N 

where F(u) = \u\ 2 u. By conservation of energy, \\Ve , ^ t ~ t °' N ^ A u(t l Q jv)llt/£(j ! xn) ~ !■ 



Next, for a bad interval J^ b , 



11^)11^(^x0) * H VF WII^(^xn)il-ll^ ( ^xn) S I- (3-10) 

For N = N max = sup k iV& all intervals are bad, and so we are done. We therefore proceed by 
induction. Let C be some large, fixed constant, c(C) > a small constant to be chosen momentarily. 

\\VF(P <CN u)\\ LtLt/3+{Jl ^ xn) < (3.11) 

ll^ll^^(^-) l|P< ^ n|l ^^(^-) ~ {C)1+7]2 ~- (3 - 12) 

Next let p = 2+, (p,q) satisfies (|1.9[) . p \ 2 as e \ 0. By induction, for M > CW, interpolating 
U\ estimates with L^H 1 estimates, 

ll^^lli^-(^ s ><^)II^^II^^C^ s ><^)ll^^|[^^ c ^ s>< ^ ) < ^2 (^) C2 ~ e)(1 - + ->(r 7 ( C )) 2 -- (3.13) 
Therefore, by Sobolev embedding, 

N\\P<NF(ucN<.<cN k )\\ L p' Lq j {jlNgXQ) < (V(c)f-. (3.14) 
Choosing rj sufficiently small, c{rj) > closes the induction. Next, for some 8(p,e) > 0, 

^V 2 1 1 -U. >cA ^ fc 1 1 ijj^ ( x f^) 1 1 -">cA^ fe 1 1 ( ^ ^ x j^) 1 1 ^>ciV fc 1 1 Z.4 g x ^) 

< AT 2 (V - < — 



(3.15) 
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Notice that this term does not depend on the inductive hypotheses. The last inequality follows 
from the fact that < 1 on good intervals. Finally, by the inductive hypothesis 

n \\\ u >cn\\u<cn\ 2 + \u>CN\ 2 \u<CN\\\ r p' ri' (T i s (3.16) 



L t L x (J N ) 



< iVKcivll 1 , 



2+ rOO 



-(^, B xn)ll u < CJV llir^(^, fl xn)ll u > CJV llir^(^, s xfi) 
+N 2 \\u >C N\\ 1 I t +Lt(JlN WuycNW 1 ^^ xn) \\ u <CN\\ LrLi{J i NgX n) <CW +V^- 



Therefore we have proved 



\\VP <N [F(u) - F( U< cN)}\\ LPt > Lq j {JlNgXn) < 1. (3.18) 



This completes the proof of lemma 13.31 □ 
Remark: As in 18] we can upgrade (|3.4p to 



\\VP< NU \\ LPtLUJxn) < e , M>d aj(N) + K^N v , (3.19) 
where o~j(N) is a frequency envelope that majorizes 

mf \\VP< N u(t)\\ L oo mjxn) . (3.20) 

Let 

oo 

aj(N)= 2- |j| inf||P 2Jjv u(i)ll Lr ^(jxn)- (3-21) 

j=-oo 

This is enough to prove theorem 13.11 



Proof of theorem 13.11 ' Let a be a solution to (jl.ip . 1 1 ii 1 1 (j x q) = M, K = For any N let 
U[ = P<nu, ui + Uh = u. If KN 3 < 1, then as in the previous section 

j t {VP< N u, VP< N u) = 2i(VP< N F{u),VP< N u) < aj(N) 2 + KN 3 . (3.22) 
This implies that for any t E J, 

u(t) =v(t) +w(t), (3.23) 

where 
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K 5 J 12 



W*)lk-^V Vxn) < -^r, (3-24) 

LfHi(Jxn) \ as M 

t? > r/ (M), 



o 

and ||^(^)Hi^£fi(j X f7) \ as M / oo. However, by interpolation this implies that for t € Jfc, 



ll^)lk(n)<^ + . 1/5 ^. (3-25) 

Since J satisfies (|3.ip . this implies that for M sufficiently large there exists an interval such that 
for t € Jfc, for any 77 > 7?(M) > 0, 

IK*)IIlS(0) « ^r- (3-26) 

Moreover, for some t in this interval, with to satisfying N(to) = inft^j N(t), and without loss of 
generality to < 

ll«ILf iB ([to,qxn) ~K I- (3.27) 
By the perturbation lemma this contradicts theorem 12,61 □ 



4 Interaction Morawetz estimates 

Theorem 4.1 There is a fixed constant Kq < 00 such that for M sufficiently large, there does not 
exist a solution to (jl.ip satisfying E(u(t)) = Eq, 

Co E ^ ^o, (4.1) 

JfcCJ fc 

and 

ll«llL? iie (Jxn) = M - ( 4 -2) 

Recall that K = 

Theorem 4.2 Let ti^ = P >K -i/zu, Uh + ui = u. 

f f \d n u h (t,x)\ 2 dS x dt<K l /\ (4.3) 
J j Jan 
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Proof: By §3, for (p,q) satisfying (jl.9p . p > 2, 

\\Vui\\ L P LUJxn) < 1. 
We will also postpone the proof of the estimate 

IML? iX (Jxn) + ll^ftlUf ^l(Jxn) < ^ 1/3 - 

Let 

M W = / Fi I i 3 mi/2 Irn[u h djU h ](t,x)dx. 
Jn (1 + Ix^) 1 /^ 



sup|M(t)| <K l '\ 
teJ 



Therefore, following the analysis in [29] . 



\d n u h (t,x)\ 2 dS x dt + [ [ — — — -(\Vu h (t,x)\ 2 + \u h (t,x)\ 2 )dxdt 

j Jdn JjJ {l + \x\ 2 y/ 2 

+ I I n J^^M FiuU^dxdt < K 1 / 3 , 
J j Jn (1 + \x\ z yi z 

where 

{u,v}j = Re[udjV — vdju]. 

{JVF(u),Ufr}j = {^(uMj - {F(ui),ui}j - {F(u) -F{ Ul ),ui}j - 

{F(u),u}j — {F(ui), ui}j = -djilufax)]* -\ui(t,x)\ A ]. 

[F(u) - F(ui)](d j ui){t,x)dxdt 



j Jn 



< 

Next, by Sobolev embedding 



{i + \x\ 2 y/ 2 

l|V«j|| L | L ia||«ft||l8 x ||ufc||Lf L* + l|V«i|| L 3j|ui||^8 L i a ||«ft||L ( »^ < ^ 1/3 - 
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^T" 1 / 3 !!^!!^^ Il^ll^3^x 2 II^M^^^ -k ^r- 2 / 3 ||^||i3^ ll^/xll^^ < J^ 1 / 3 . (4.16) 

Now consider 



Xj / \ / -m— . / \ -^-i/ \\/. \, . / / i 



(ui)dj(F(u) - F(ui))(t,x)dxdt+ / / - . PiF(u)djU h (t,x)dxdt. 



ljJn(l + \x\ 2 y/ 2K lJ 3K w v ' JjJn(l + \x\ 2 y/ 2 ' 

(4.17) 

Integrating by parts, since we have already considered (|4,13p . (|4.15p . it only remains to consider 
when dj hits ^ 1+ ^ 2 y/2 ■ Therefore we have proved 

\d n u(t,x)\ 2 dS x dt+ [ / — — !— — [\u h (t,x)\ 2 + \Vu h (t,x)\ 2 ]dxdt (4.18) 

JjJn (1 + \x\ 2 yi 2 

' -\u h (t,x)\ 4 dxdt+ [ [ L——(u h )P l F(u h )(t,x)dxdt (4.19) 



j Jan 



(l + | X |2)l/2' ^ ' " JJ Q (l + | x |2)l/2 



+ f f (1 + L\2y/2 °(M*» x) [ |m (t, x)\ 3 ) + 0(\ui(t, x) 1 \u h (t, x)\ 3 )dxdt < K 1 / 3 . (4.20) 



By Hardy's inequality, that is for < s < £, 



\x 

and Sobolev embedding, 



L fWLHR*) <Mll|Vr/|| L2(Rd) , (4.21) 



/ / n ^i\2u/2 ^) p ' F (^)^ x )^^^ 2/3 lln^l'^ll^lli? ^ Rl/3 - ( 4 - 22 ) 
Jj Jn (i + [^r) 1/2 M 4 1 



Finally, 



^M<zj [ ( .\ 2 . 1/2 \u h {t,x)\ A dxdt + C{e) ! [ ^ \u h (t,x)\\ Ul (t,x)\ 3 dxdt. 
JjJnO- + \x\ 2 ) 1 ' 2 JjJq (1+ \x\ 2 Y/ 2 

(4.23) 

' \u h (t,x)\\ Ul (t,x)\ 3 dxdt< \\u h (t,x)\\ L ^J^\ui\ 3 \\ LiLi (4.24) 



< K(*,x)[| £ cc^||V«,|| L a H^IIL^ < i^ 1/3 . (4.25) 
Choosing e > sufficiently small and fixed completes the proof of theorem 14.21 □ 
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Theorem 4.3 For \\u\\ L s (j x q) = M, M very large, u solves (jl.ip . 



iiivi-^K( M) ni^ (Jxn) <^i. 



(4.26) 



Proof: We build on the arguments of [29]. take the interaction Morawetz quantity 

y ^-Im[u h (t, x)djU h (t, x)]\u h (t, y)\ 2 

M(t)= I ^ ~ VJ f Re[-d 2 k u h {t, x)d jUh (t, x) + u h (t, x)d J d 2 k u h (t, x)\ \u h (t, y)\ 2 dxdy (4.28) 



M ( t ) = 1 - z rlm[u h {t,x)d j u h (t,x)]\u h (t,y)\ 2 dxdy. (4.27) 

qxc F-y| 



- y)j 
sixsj k-y| 

+ / ^ ~ V ) {Ph(\u\ 2 u), u h }j(t, x)\u h (t, y)\ 2 dxdy (4.29) 
Jnxn \x-y\ 

f \ oc — U ) <i 

-2 1 flm[u h (t,x)d j u h (t,x)]d k Im[u h {t,y)d k u h (t,y)]dxdy (4.30) 

Jnxn \x-y\ 

+ 2 [ ( f ~ V ) Im[u h (t, x)d jUh (t, x)]Im[P h {\u\ 2 u)u h ]{t, y)dxdy. (4.31) 
Jnxn F — 2/1 

Integrating by parts, since u\qq = 0, 

@M= [ d k ( ^~ V) i )Re[d k u h {t, x)d jUh (t, x)]\u h (t, y)\ 2 dxdy (4.32) 
Jnxn \x-y\ 

+ / \u h (t,y)\ 2 / 7 ~ u k Re[d k u h (t, x)d,(t, x)]dS x dy (4.33) 
Jn Jdn \x-y\ 

~ [ d k { ^~ V ) )Re[u h (t, x)djd k u h (t, x)]\u h (t, y)\ 2 dxdy, (4.34) 
Jnxn \x-y\ 

where v k is the outward pointing unit normal to <9S7. By theorem 12.61 ||M/i||L^°_L2 < g ° , so by 
theorem 14.21 



\Mt,y)\ 2 [ ^ V K kRe[d k u h (t,x)d jUh (t,x)]dS x dy < ^ffi. (4.35) 
j Jn Jan \x-y\ Cg 



Next, integrating by parts, 
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<S3U)= I d k ( ^ V) i )Re[djU h (t, x)d k u h (t, x)]\u h {t, y)\ 2 dxdy (4.36) 

isixsi \ x — u\ 

(AA\x - y\)\u h (t,x)\ 2 \u h (t,y)\ 2 dxdy. (4.37) 



SlxSJ 



As in R d , 



^ y Y )(Re[djU h {t, x)d k u h (t, x)} \u h (t, y)\ 2 
sixsi \x-y\ (4.38) 

Im[u h (t, x)dju h (t, x)]Im[uh(t, y)d k u h (t, y)])dxdy > 0. 

t h x ~ Co 

' —!"/,(/• '•) '!"/,(/■ y)\-<i.ni 

y\ 

(4.39) 



Therefore, combining the analysis in theorem 14.21 with \\uh \\l°°l 2 < — - 



(-AA|x - y\)\u h (t, x)\ \u h (t,y)\ dxdydt + / / -\u h (t,x)\ \u h (t, y)\ dxdydt 

jJqxq JjJnxn\ x ~y\ 



+ 11 i y Y' /m[ii/ t (t,a)a j -u h (t,a;)]Im[i^(|tt| 2 u)fi/ t ](t,y)da!dydt < ^ffi. (4.40) 
JjJnxn \x-y\ ' C§ 



Im[P h (\u\ 2 u)u h ] = Im^-^-iFi^-Fiu^n-P^u)^] = -Im[{F{u)-F{ui))ui+PiF{u)u h ]. 

(4.41) 

By Sobolev embedding 

||^^ + ^(^D^ll^c^xrs) ^ H^lll^tll^lU^ + ^~ 1/3 H^IU r x4] < ^ 2/3 - (4.42) 

hWi + Pi(u 2 h ui)u h \\ L i (Jxn) < \\u h \\ 2 L 3 [\\uif L6 +\\uh\\ L s \\uih°°J < K 2/3 . (4.43) 

||^(« & u?)« h || L i s(Jx n) < II«&||2,3 JI«illi« B £ ^ 2/3 - (4-44) 
Finally, for = 3^-^, integrating by parts, 

[ [ ^^/^[^(^x)^^^,^)]^^,^^^,^^^^^)^,^^,^] (4.45) 
JjJnxn |a? — 
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^ V ) Im[u h (t,x)d jUh (t,x)}(^ Uh (t,y))d k {uf + P l F(u l ))(t,y)dxdy (4.46) 
jJnxn \x-y\ A D 



1 V , 

, :Im[u h (t, x)Vu h (t, x)](—u h (t, y))(uf + PiF(ui))(t, y)dxdy. (4.47) 

ijjqxq \x-y\ A D 

mm < ^ 1/3 ||^llWl|Vu ft || Lri2 J|V^|| X 3 ||^|||3 il2 < (4.48) 
Now by the Hardy - Littlewood - Sobolev inequality, 

637} < ^llVufcll^igllufcll^lKII^HtullJ.^ < (4.49) 
This proves theorem 14.31 □ 

Proof of theorem 14.11 ' Now we need some constants 

< 771 << T] « 1. (4.50) 

Because 

K ° = °o E ( 4 - 51 ) 

JfcCJ fc 

for 771 > there exists Kq(t]i) sufficiently large such that there exists 4 C J with 



vr 1/2 M 2 lli t(J »* n) < (4-52) 



Now on each 

l|V|^| 2 || L 2 JJfcXf ,) < llVuhll^aJHI^ < 1. (4.53) 

Therefore, by interpolation 

2/3 

A; 

Now by interpolation, since IMI L 2+ L -- (JfcXn) < 1, ||«||x t %(J ft xn) £ 1, 

NUf°i,*(j fc xn) ^ 1- ( 4 - 55 ) 
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Therefore there exists t k G Jk such that ||it(ijfc)||z4(Q) > 1. Moreover, by theorem 12.61 and Sobolev 
embedding, 

^C^N.K.KCWN^hun) > 1- (4.56) 
Take Kq sufficiently large so that K ^ 3 << ^^y- 

| J a \u^ Nk ^ c{r))Nk (t, X )\U X < C( V fNl (4.57) 
Therefore, for some 5 > 0, \\u h (t)\\ L 4^ > 1 on [t k - c ^2 N -2 , tk + c ^2 N -i }- However this implies 

which contradicts (|4.54[) . □ 

Theorem 13.11 combined with theorem 14.11 proves theorem 12.71 It only remains to prove (|4.5p . 

5 Endpoint argument 

It only remains to prove (|4.5|) . To do this we will upgrade lemma to involve I 2 summation. For 
K = Ylj k cJ 'W we define the norm 

K-y^KNj J l Nj CJ 3 

Theorem 5.1 If u is a solution to (jl.ip . 1 1 ?x 1 1 (j x n) = M for some M sufficiently large and fixed, 
E(u(t)) = E Q , then 

IMIx(Jxn) % 1- (5-2) 
Proof: We again take (|3.9p . First consider the bad intervals J l N . b . By lemma [3T3l 



E KN E \\ PN M\ll{ji b xn) ~ ^ E ^3 £ ( 5 - 3 ) 

K-i/3<N 3 3 J* b 3 J k CJ k 

Now turn to the good intervals. 

\\AP Nj F(u< Nj )\\ DU 2^j^ gXn) < \\Au< Nj \y+ Li - {J i N ^ gXn) \\Vu< Nj \\ L 2 +L 4- \\u< Nj \\ L?>Ai (5.4) 
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^v\\^u< Nj \\^ji xn) . (5.5) 
The last inequality follows from lemma ET3l Now we use the fact that an interval J l N , N < Nj 

~N~> lilLcival ° u Nj,g' 



overlaps < (-7(f) 3 intervals J l N 



ic E w< E \\ p N 3 nu< N] )f DUi{JlN gXQ) (5.6) 

^| E E E I^H^xn) (5-7) 

K-y 3 <Nj K~ 1 / 3 <N<Nj 3 J 1 N CJ 

+ r ? E -jv5~ll Vu <JC-vs||^ ( j x n) £ rt 1 + N&(jxn))- ( 5 - 8 ) 



Next, 



HP^F^^.cTvJIIwi^ xfl) - llAr 3 .^(^<.<civ fc )|| _ | + (5.9) 

J ,M 

<iV, Yl W UM W l i?+Li-{ji N xn)ll UA/ lli»Li(jj, <j xn)ll UAf lli?°ii(^. 9 xn) ( 5 - 10 ) 

Nj<-M<cN k 3 ' 9 3 3 

$ E ^^IN/H^^). (5.H) 

Nj<M<cN k 3 

The last inequality follows from lemma [3^31 Now by taking the convolution of an L 1 function with 
an I? function, 



4 E E ( E (§)-( E Mll^H 2 ,i(^xn)) 1/2 ) 2 (5-13) 



K-V'KNjJlr CJ N 3 <M<cN k ^nJj^ 



E (E^NI^xn))^1l*(/x n )- ( 5 - 14 ) 



X-V3<M J^ C J 



Finally, 
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\VP Nj F(u >cNk )\\ DU 2 A(J i N ffXf2) < HVPjv^^civJII 2 _ | + 



L% (J l N . „ x ^) 



By lemma [33 



Therefore 



\\VP Nj F( U>cNk )\\ 



2 + 

L t L$ (J l N _ g xQ) 



< 1. 



E 7^ E iivp^(u> cJV jii 



KNf 



L\-Ll (Jjv,, 9 xn) 



~ E KN 3 E ( N lr cN \2y- 

<-T - V N 1 ~< — 



Finally consider the term 



(5.15) 
(5.16) 

(5.17) 

(5.18) 
(5.19) 



1 1 Pn s {{u <N] ) (u 2 >N] ) + (u 2 <N . ) (u >Nj ))\\ DU 2(ji x n) . 

j ,9 

First take (u 2 <N .)u >Nj . Suppose v = [^{\Nr 2 A D ) + V(Nf 2 A D ) + ^{ANr 2 A D )]v, \\r\ , ., 
1. 



(5.20) 



\\(u N )v(u <Nj )(u >N )\\ L i ,ji xn) < \\v(u N )\\ L 2 \\u <Nj \\ L 2+ L *o-\\u >N \\ L oo- L 2+. (5.21) 
By lemma [3T3l theorem 13. 2| 

1 

< n 1 / 2 . 



< 



II u <^IIl4 L 8 < v 



(5.22) 
(5.23) 



AT 3 /2- 



-H«iv||tf2 ft7 ! xn) . (5.24) 
The last inequality follows from interpolating theorem 11.51 with theorem l2.6l C for p > 2. 
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K ^ N j ^ ^ K N j 

K- 1 /' 4 <N ] J J l N yg CJ K~ 1 / 3 <N<N J J 



-1 

By lemma [3751 



T7 1 / 2 1 R'-VS 



Finally, 



iV,, 9 

E ^Muli^ay 

M>Nj 3 

V E E ( E M l|uM|lc/ i^ s xn ) )2 ~^ 1_ H u llWxn)- 

K-VSKNj 3 J l Nj>g CJ M>Nj 3 
Finally, for (13. 9|) choose t N . G jjy. g such that 

\\VP Nj u(t l N .)\\ L 2 {n) = inf (||VP^.^)|| ii(Q) ). 

This implies 



E t4t E II^Mll^i- 

K 

Therefore, we have proved 



K-WKNj J l Nj<g <ZJ 



\\ u \\x(jxn) % 1 + V 1/2 \\u\\x(jxn)- 
This completes the proof of theorem 15,11 □ 

By lemma [3751 

IMk^-(,x,) < ( E 11^11^(4, xo)) 1/2+ S E ll^ll 2 ^(^xn)) 1/(2H 

jV ^- ^ J 



28 



Also, 



Therefore, 



'" ^ 1 ' * — ' " "AV'A-' 

4rO/ 



K- 1 / 3 <N 1 <N 2 <N 3 



* E V /2+ ^ 1/2+ ^r _1 ( e ii^iiSi^xo)) 1 ^ 

iS--V3<JVi<JV 2 <JV 3 JLcJ 



x( E ll^ll^(^x,)) 1/(2+) ( E ll^ll^xn)) 1 ^^!!*^)- 
The proof of theorem 11.11 is now complete. 



(5.36) 
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